It is shown that the hadron production in high energy pp and pp collisions, calculated by assuming that particles originate in hadron gas fireballs at thermal and partial chemical equilibrium, agrees very well with the data. The temperature of the hadron gas fireballs, determined by fitting hadron abundances, does not seem to depend on the centre of mass energy, having a nearly constant value of about 170 MeV. This value is in agreement with that obtained in e + e − collisions and supports a universal hadronization mechanism in all kinds of reactions consisting in a partonhadron transition at critical values of temperature and pressure.
Introduction
The thermodynamic approach to hadron production in hadronic collisions was originally introduced by Hagedorn [1] about thirty years ago. The most important phenomenological indication of thermal multihadron production in high energy reactions was found in the universal slope of the transverse mass (i.e. m T = p 2 T + m 2 ) spectra [2] , where transverse means orthogonal to the beam line. This kind of signature of a hadron gas formation is nowadays extensively used in heavy ions reactions, although it has been realized that transverse collective motion of the hadron gas may significantly distort the basic thermal m T -spectrum [3] , thus complicating the extraction of the temperature. A much better probe of the existence of locally thermalized sources in hadronic collisions is the overall production rate of individual hadron species which, being a Lorentz-invariant quantity, is not affected by local collective motions of the hadron gas. However, the analysis of hadron production rates with the thermodynamical ansatz implies that inter-species chemical equilibrium is attained, which is a much tighter requirement than that of thermal-kinetic intra-species equilibrium assumed in the analysis of m T spectra [4] . Chemical equilibrium thus usually implies also thermal kinetic equilibrium. For this reason we focus our attention in this paper on the analysis of hadron abundances and the question of chemical equilibrium, leaving the analysis of m T -spectra (with its possible complications due to collective dynamical effects) to a separate publication. The smallness of the collision systems studied here requires appropriate theoretical tools: in order to properly compare theoretical predicted multiplicities to experimental ones, the use of statistical mechanics in its canonical form is mandatory, that means exact quantum numbers conservation is required, unlike in the grand-canonical formalism [5] . It will be shown indeed that particle average particle multiplicities in small systems are heavily affected by conservation laws well beyond what the use of chemical potentials predicts (this was previously observed in a similar canonical thermodynamic analysis of pp annihilation at rest [6] ). However, in the high multiplicity (or large volume) limit the grand-canonical formalism recovers its validity. This paper generalizes the thermodynamical model introduced in ref. [7] for e + e − collisions by releasing some assumptions which were made there; calculations are performed with a larger symmetry group (actually by also taking into account the conservation of the electric charge). Moreover, formulae of global correlations between different particles species are provided, and a comparison with data is made in this regard as well.
The model
In refs. [7, 8] a thermodynamical model of hadron production in e + e − collisions was developed on the basis of the following assumption: the hadronic jets observed in the final state of a e + e − →event must be identified with hadron gas phases having a collective motion. This identification is valid at the decoupling time, when hadrons stop interacting after their formation and (possibly) a short expansion (freeze-out). Throughout this paper we will refer to such hadron gas phases with a collective motion as fireballs, following refs. [1, 2] . Since most events in a e + e − →reaction are two-jet events, it was assumed that two fireballs are formed and that their internal properties, namely quantum numbers, are related to those of the corresponding primary quarks. In the so-called correlated jet scheme correlations between the quantum numbers of the two fireballs were allowed beyond the simple correspondance between the fireball and the parent quark quantum numbers. This scheme turned out to be in better agreement with the data than a correlation-free scheme [7] .
The more complicated structure of a hadronic collision does not allow a straightforward extension of this model. If the assumption of hadron gas fireballs is maintained, the possibility of an arbitrary number of fireballs with an arbitrary configuration of quantum numbers should be taken into account [9] . To be specific, let us define a vector Q = (Q, N, S, C, B) with integer components equal to the electric charge, baryon number, strangeness, charm and beauty respectively. We assume that the final state of a pp or a pp interaction consists of a set of N fireballs, each with its own four-vector β i = u i /T i , where T i is the temperature and u i = (γ i , β i γ i ) is the four-velocity [10] , quantum numbers Q 
where P i is its total four-momentum. The factor δ Q i ,Q 0 i is the usual Kronecker tensor, which forces the sum to be performed only over the fireball states whose quantum numbers Q i are equal to the particular set Q 
Eq. (1) becomes: 
This equation could also have been derived from the general expression of partition function of systems with internal symmetry [11, 12] by requiring a U(1) 5 symmetry group, each U(1) corresponding to a conserved quantum number; that was the procedure taken in ref. [7] . The sum over states in Eq. 3 can be worked out quite straightforwardly for a hadron gas of N B boson species and N F fermion species. A state is specified by a set of occupation numbers {n j,k } for each phase space cell k and for each particle species j. Since P i = j,k p k n j,k and Q i = j,k q j n j,k , where q j = (Q j , N j , S j , C j , B j ) is the quantum numbers vector associated to the j th particle species, the partition function (3) reads, after summing over states:
(4) The last expression of the partition function is manifestly Lorentz-invariant because the sum over phase space is a Lorentz-invariant operation which can be performed in any frame. The most suitable one is the fireball rest frame, where the four-vector β i reduces to:
T i being the temperature of the fireball. Moreover, the sum over phase space cells in Eq. (4) can be turned into an integration over momentum space going to the continuum limit:
where V is the fireball volume and J j the spin of the j th hadron. As in previous studies on e + e − collisions [7] and heavy ions collisions [13] , we supplement the ordinary statistical mechanics formalism with a strangeness suppression factor γ s accounting for a partial strangeness phase space saturation 2 ; actually the Boltzmann factor e −β·p k of any hadron species containing s strange valence quarks or anti-quarks is multiplied by γ s s . With the transformation (6) and choosing the fireball rest frame to perform the integration, the sum over phase space in Eq. (4) becomes:
where the upper sign is for fermions, the lower for bosons and V i is the fireball volume in its rest frame; the function F j (T i , γ s , φ) is a shorthand notation of the momentum integral in Eq. (7). Hence, the partition function (4) can be written:
The mean number n j i of the j th particle species in the i th fireball can be derived from Z(Q 0 i ) by multiplying the Boltzmann factor exp (− p 2 + m 2 j /T ), in the function F j in Eq. (8) by a fictitious fugacity λ j and taking the derivative of log Z i (Q 0 i , λ j ) with respect to λ j at λ j = 1:
The partition function Z i (Q i , λ j ) supplemented with the λ j factor is still a Lorentz-invariant quantity and so is the mean number n j i . From a more physical point of view, this means that the average multiplicity of any hadron does not depend on fireball collective motion, unlike its mean number in a particular momentum state. The overall average multiplicity of the j th hadron, for a set of N fireballs in a certain quantum configuration {Q 0 1 , . . . , Q 0 N } is the sum of all mean numbers of that hadron in each fireball:
In general, as the quantum number configurations may fluctuate, hadron production should be further averaged over all possible fireballs configurations Q 2 Possible charm and beauty suppression parameters γ c and γ b are unobservable, see also Appendix C.
For the overall average multiplicity of hadron j we get:
There are infinitely many possible choices of the weights w(Q 0 1 , . . . , Q 0 N ), all of them equally legitimate. However, one of them is the most pertinent from the statistical mechanics point of view, namely:
It can be shown indeed that this choice corresponds to the minimal deviation from statistical equilibrium of the system as a whole. In fact, putting weights (13) in the Eq. (12), one obtains:
This means that the average multiplicity of any hadron can be derived from the following function of Q 0 :
with the same recipe given for a single fireball in Eq. (9) . By using expression (1) for the partition functions Z i (Q 0 i ), Eq. (15) becomes:
the function (16) can be written as
. . .
This expression demonstrates that Z(Q 0 ) may be properly called the global partition function of a system split into N subsystems which are in mutual chemical equilibrium but not in mutual thermal and mechanical equilibrium. Indeed it is a Lorentz-invariant quantity and, in case of complete equilibrium, i.e. β 1 = β 2 = . . . = β N ≡ β, it would reduce to:
which is the basic definition of the partition function.
To summarize, the choice of weights (13) allows the construction of a system which is out of equilibrium only by virtue of its subdivision into several parts having different temperatures and velocities. Another very important consequence of that choice is the following: if we assume that the freeze-out temperature of the various fireballs is constant, that is T 1 = . . . = T N ≡ T , and that the strangeness suppression factor γ s is constant too, then the global partition function (18) has the following expression:
Here the V i 's are the fireball volumes in their own rest frames; a proof of (20) [8] is given in Appendix A. Eq. (20) demonstrates that the global partition function has the same functional form (3), (4), (8) as the partition function of a single fireball, once the volume V i is replaced by the global volume V ≡ N i=1 V i . Note that the global volume absorbs any dependence of the global partition function (20) on the number of fireballs N. Thus, possible variations of the number N and the size V i of fireballs on an event by event basis can be turned into fluctuations of the global volume. In the remainder of this Section and in Sects. 3, 4 we will ignore these fluctuations; in Sect. 5 it will be shown that they do not affect any of the following results on the average hadron multiplicities. The average multiplicity of the j th hadron can be determined with the formulae (14)- (15) , by using expression (20) for the function Z(Q 0 ):
where the upper sign is for fermions and the lower for bosons. This formula can be written in a more compact form as a series:
where the functions z j(n) are defined as:
K 2 is the McDonald function of order 2. Eq. (22) is the final expression for the average multiplicity of hadrons at freeze-out. Accordingly, the production rate of a hadron species depends only on its spin, mass, quantum numbers and strange quark content. (22) are a typical feature of the canonical approach due to the requirement of exact conservation of the initial set of quantum numbers. These factors suppress or enhance production of particles according to the vicinity of their quantum numbers to the initial Q 0 vector. The behaviour of Z(Q) as a function of electric charge, baryon number and strangeness for suitable T , V and γ s values is shown in Fig. 1 ; for instance, it is evident that the baryon chemical factors Z(0, N, 0, 0, 0)/Z(0, 0, 0, 0, 0) connected with an initially neutral system play a major role in determining the baryon multiplicities. The ultimate physical reason of "charged" particle (q j = 0) suppression with respect to "neutral" ones (q j = 0), in a completely neutral system (Q 0 = 0), is the necessity, once a "charged" particle is created, of a simultaneous creation of an anti-charged particle in order to fulfill the conservation laws. In a finite system this pair creation mechanism is the more unlikely the more massive is the lightest particle needed to compensate the first particle's quantum numbers. For instance, once a baryon is created, at least one anti-nucleon must be generated, which is rather unlikely since its mass is much greater than the temperature and the total energy is finite. On the other hand, if a non-strange charged meson is generated, just a pion is needed to balance the total electric charge; its creation is clearly a less unlikely event with respect to the creation of a baryon as the energy to be spent is lower. This argument illustrates why the dependence of Z(Q) on the electric charge is much milder that on baryon number and strangeness (see Fig. 1 ). In view of that, the dependence of Z(Q) on electric charge was neglected in the previous study on hadron production in e + e − collisions [7] . These chemical suppression effects are not accountable in a grand-canonical framework; in fact, in a completely neutral system, all chemical potentials should be set to zero and consequently "charged" particles do not undergo any suppression with respect to "neutral" ones. A compact analytic expression for the function Z(Q) does not exist. However, an approximation of Z(Q) valid for large global volumes (see Appendix B) exists in which chemical factors reduce to a product of a chemical-potential-like factor and an additional multivariate gaussian factor having no correspondence in the grand-canonical framework. The gaussian factor tends to 1 for V → ∞ proving the equivalence between canonical and grand-canonical approaches for large systems. The global partition function (18) has to be further modified in pp collisions owing to a major effect in such reactions, the leading baryon effect [14] . Indeed, the sum (18) includes states with vanishing net absolute value of baryon number, whereas in pp collisions at least one baryonantibaryon pair is always observed. Hence, the simplest way to account for the leading baryon effect is to exclude those states from the sum. Thus, if |N| = i |N i | denotes the absolute value of the baryon number of the system, the global partition function (18) should be turned into:
The first term, that we define as Z 1 (Q 0 ), is equal to the function Z(Q 0 ) in Eqs. (18), (20) , while the second term is the sum over all states having vanishing net absolute value of baryon number. The absolute value of baryon number can be treated as a new independent quantum number so that the processing of the partition function described in Eqs. (1)- (3) can be repeated for the second term in Eq. (24) with a U(1) 6 symmetry group. Accordingly, this term can be naturally denoted by Z 2 (Q 0 , 0), so that Eq. (24) reads:
By using the integral representation of δ |N |,0
in the second term of Eq. (24), one gets:
where the first sum over j runs over all mesons and the second over all baryons. The average multiplicity of any hadron species can be derived from the global partition function (25) with the usual prescription:
3 Fit procedure and data set
The model described so far has three free parameters: the temperature T , the global volume V and the strangeness suppression parameter γ s . They will be determined by a fit to the available data on hadron inclusive production at each centre of mass energy. Eq. (22) yields the mean number of hadrons emerging directly from the thermal source at freeze-out, the socalled primary hadrons [7, 15] , as a function of the three free parameters. After freeze-out, primary hadrons trigger a decay chain process which must be properly taken into account in a comparison between model predictions and experimental data, as the latter generally embodies both primary hadrons and hadrons generated by heavier particles decays. Therefore, in order to calculate overall average multiplicities to be compared with experimental data, the primary yield of each hadron species, determined according to Eq. (22) (or (28) for pp collisions) is added to the contribution stemming from the decay of heavier hadrons, which is calculated by using experimentally known decay modes and branching ratios [16, 17] . The calculation of the average multiplicity of primaries according to Eq. (22) involves several rather complicated five-dimensional integrals which have been calculated numerically after some useful approximations, described in the following. Since the temperature is expected to be below 200 MeV, the primary production rate of all hadrons, except pions, is very well approximated by the first term of the series (22):
where we have put z j ≡ z j(1) . This approximation corresponds to the Boltzmann limit of Fermi and Bose statistics. Actually, for a temperature of 170 MeV, the primary production rate of K + , the lightest hadron after pions, differs at most (i.e. without the strangeness suppression parameter and the chemical factors which further reduce the contribution of neglected terms) by 1.5% from that calculated with Eq. (29), well within usual experimental uncertainties. Corresponding Boltzmannian approximations can be made in the function Z(Q), namely
which turns Eq. (20) (for a generic Q) into:
where the first sum runs over all hadrons except pions and the second over pions. As a further consequence of the expected temperature value, the z functions of all charmed and bottomed hadrons are very small: with T = 170 MeV and a primary production rate of K mesons of the order of one, as the data states, the z function of the lightest charmed hadron, D 0 , turns out to be ≈ 10 −4 ; chemical factors produce a further suppression of a factor ≈ 10 −4 . Therefore, thermal production of heavy flavoured hadrons can be neglected, as well as their z functions in the exponentiated sum in Eq. (31), so that the integration over the variables φ 4 and φ 5 can be performed:
Q and q j are now three-dimensional vectors consisting of electric charge, baryon number, and strangeness; the five-dimensional integrals have been reduced to three-dimensional ones.
Apart from the hadronization contribution, which is expected to be negligible in this model, production of heavy flavoured hadrons in hadronic collisions mainly proceeds from hard perturbative QCD processes of cc and bb pairs creation. The fact that promptly generated heavy quarks do not reannihilate into light quarks indicates a strong deviation from statistical equilibrium of charm and beauty, much stronger than the strangeness suppression linked with γ s . Nevertheless, it has been found in e + e − collisions [7] that the relative abundances of charmed and bottomed hadrons are in agreement with those predicted by the statistical equilibrium assumption, confirming its full validity for light quarks and quantum numbers associated to them. The additional source of heavy flavoured hadrons arising from perturbative processes can be accounted for by modifying the partition function (31) . In particular, the presence of one heavy flavoured hadron and one anti-flavoured hadron should be demanded in a fraction of events
where σ(pp(p)) is meant to be the total inelastic or non-single-diffractive cross section. Accordingly, the partition function to be used in events with a perturbative cc pair, is, by analogy with Eq. (24)- (25) and the leading baryon effect:
where |C| is the absolute value of charm. The primary yield of charmed hadrons, calculated according to Eq. (28) and partition function (33) , is derived in Appendix C. A significant production rate of heavy flavoured hadrons might affect light hadrons abundances through decay feed-down, so it is important to know how large the fraction f is. Available data on charm cross-sections [18] indicate a fraction f ≈ 10 −2 ÷ 10 −3 at centre of mass energies Table 1 : Values of fitted parameters in pp and pp collisions. The normalization parameter V T 3 is better suited than V in the fit because is less correlated to the temperature. The additional errors within brackets have been estimated by excluding some data points and repeating the fit. Also quoted is the correlation parameter between T and V T 3 . < 30 GeV and, consequently, much lower values for bottom quark production. Therefore, the perturbative production of heavy quarks can be neglected as long as one deals with light flavoured hadron production at √ s < 30 GeV. We assume that it may be neglected at any centre of mass energy; this point will be discussed in more detail in the next section. All light flavoured hadrons and resonances with a mass < 1.7 GeV have been included among the primary generated hadron species; the effect of this cut-off on obtained results will be discussed in the next section. The mass of resonances with Γ > 1 MeV has been distributed according to a relativistic Breit-Wigner function within ±2Γ from the central value. The γ s strangeness suppression factor has also been applied to neutral mesons such as φ, ω, etc. according to the their strange valence quark content; mixing angles quoted in ref. [16] have been used. Once the average multiplicities of the primary hadrons have been calculated as a function of the three parameters T , V and γ s , the decay chain is performed until π, µ, K ± , K 0 , Λ, Ξ, Σ ± , Ω − or stable particles are reached, in order to match the average multiplicity definition in pp and pp collisions experiments. It is worth mentioning that, unlike pp and pp , all e + e − colliders experiments also include the decay products of K 0 s , Λ, Ξ, Σ ± and Ω − in their multiplicity definition. Finally, the overall yield is compared with experimental measurements, and the χ 2 :
is minimized. As far as the data set is concerned, we used all available measurements of hadron multiplicities in non-single-diffractive pp and inelastic pp collisions down to a centre of mass energy of about 19 GeV (see Tables 2 and 3) , fulfilling the following quality requirements:
1. the data is the result of an actual experimental measurement and not a derivation based on isospin symmetry arguments; indeed, this model predicts slight violations of isospin symmetry due to mass differences;
2. the multiplicity definition is unambiguous, that means it is clear what decay products are included in the quoted numbers; actually, all referenced papers take the multiplicity definition previously mentioned;
3. the data is the result of an extrapolation of a spectrum measured over a large kinematical region.
Some referenced papers about pp collisions quote cross sections instead of average multiplicities. In some cases (e.g. ref. [19] ) both of them are quoted for some particles, which makes it possible to obtain the average multiplicity of particles for which only the cross section is given. Otherwise, total inelastic pp cross sections have been extracted from other papers. Whenever several measurements at the same centre of mass energy have been available, averages have been calculated according to a weighting procedure described in ref. [20] prescribing rescaling of errors to take into account a posteriori correlations and disagreements of experimental results. Since the decay chain is an essential step of the fitting procedure, calculated theoretical multiplicities are affected by experimental uncertainties on masses, widths and branching ratios of all involved hadron species. In order to estimate the effect of these uncertainties on the results of the fit, a two-step procedure for the fit itself has been adopted: firstly, the fit has been performed with a χ 2 including only experimental errors and a set of parameters T 0 , V 0 , γ s0 has been obtained. Then, the various masses, widths and branching ratios have been varied in turn by their errors, as quoted in ref. [16] , and new theoretical multiplicities calculated, keeping the parameters T 0 , V 0 , γ s0 fixed. The differences between old and new theoretical multiplicity values have been considered as additional systematic errors to be added in quadrature to experimental errors. Finally, the fit has been repeated with a χ 2 including overall errors so as to obtain final values for model parameters and for theoretical multiplicities. Among the mass, width and branching ratio uncertainties, only those producing significant variations of final hadron yields (actually more than 130) have been considered.
Results and checks
The fitted values of the parameters T , V , γ s at various centre of mass energy points are quoted in Table 1 while the fitted values of average multiplicities are quoted in Table 2 , 3 along with measured average multiplicities and the estimated primary fraction. The fit quality is very good at almost all centre of mass energies as demonstrated by the low values of χ 2 's and by the Figs. 2, 3, 4, 5, 6. Owing to the relatively large value of χ 2 at √ s = 27.4 GeV, variations of fitted parameters larger than fit errors must be expected when repeating the fit excluding data points with the largest deviations from the theoretical values. Therefore, the fit at √ s = 27.4
GeV pp collisions has been repeated excluding in turn (∆ 0 , ρ 0 , φ) and (K − , pions), respectively, from the data set; the maximum difference between the new and old fit parameters has been considered as an additional systematic error and is quoted in Table 1 within brackets. The fitted temperatures are compatible with a constant value at freeze-out independently of collision energy and kind of reaction (see Fig. 7 ). On the other hand, γ s exhibits a very slow rise from 20 to 900 GeV (see Fig. 8 ); its value of ≃ 0.5 over the whole explored centre of mass energy range proves that complete strangeness equilibrium is not attained. Moreover, the temperature value ≃ 170 MeV is in good agreement with that found in e + e − collisions [7, 33] and in heavy ions collisions [34] . On the other hand, the global volume does increase as a function of centre of mass energy as it is proportional, for nearly constant T and γ s , to overall multiplicity which indeed increases with energy. Its values range from 6.4 fm 3 at √ s = 19.4
GeV pp collisions, at a temperature of 191 MeV, up to 67 fm 3 at √ s = 900 GeV pp collisions at a temperature of 170 MeV. However, since volume values are strongly correlated to those of temperature in the fit, errors turn out to be quite large and fit convergence is slowed down; that is the reason why we actually fitted the product V T 3 instead of V alone. Once T , V and γ s are determined by fitting average multiplicities of some hadron species, their a -The π 0 multiplicity is defined in this paper as half the photon multiplicity; therefore, the experimental value has been fitted to half the number of photons coming not only from π 0 but also from η, ω and Σ 0 decays. b -Primary fraction of K 0 andK 0 respectively c -This paper quotes only the cross section. The multiplicity has been obtained by using the total inelastic cross section of 32.21 mb at √ s = 23.5 GeV quoted in ref. [26] d -Primary fraction of K * + and K * − respectively e -Cross-reference to [31] a -The charged track average multiplicity value quoted in this reference has been increased by one as leading particles, assumed to be one charged-neutral nucleon-antinucleon pair per event, were excluded. b -The neutron average multiplicity quoted in this reference has been increased by 0.5 as leading particles, assumed to be one charged-neutral nucleon-antinucleon pair per event, were excluded.
values can be used to predict average multiplicities of any other species, at a given centre of mass energy. Since the dependence of the chemical factors on the global volume V is quite mild in the region of interest (see Fig. 2 ), the hadron density mainly depends on the temperature and γ s (cf. Eqs. (22), (29)). Therefore, constant values of temperature and γ s imply a nearly constant hadron density at freeze-out, which turns out to be ≈ 0.4 ÷ 0.5 hadrons/fm 3 , as shown in Fig. 10 , corresponding to a mean distance between hadrons of approximately ≈ 1.6 ÷ 1.7 fm. Unfortunately, due to its dramatic dependence on the temperature, all density values, except that at √ s = 27.4 GeV, are affected by large errors, and thus a definite claim of a constant freeze-out density cannot be made. The same statement is true for the pressure, also shown in Fig. 10 , whose definition is given in Appendix D. The physical significance of the results found so far depends on their stability as a function of the various approximations and assumptions which have been introduced. First, the temperature and γ s values are low enough to justify the use of the Boltzmann limits (29), (30) for all hadrons except pions, as explained in Sect. 3. As far as the effect of a cut-off in the hadronic mass spectrum goes, the most relevant test proving that our results so far do not depend on it is the stability of the number of primary hadrons against changes of the cut-off mass. The fit procedure intrinsically attempts to reproduce fixed experimental multiplicities; if the number of primary hadrons does not change significantly by repeating the fit with a slightly lower cutoff, the production of heavier hadrons excluded by the cut-off must be negligible, in particular with regard to its decay contributions to light hadron yields. In this spirit all fits have been repeated moving the mass cut-off value from 1.7 down to 1.3 GeV in steps of 0.1 GeV, checking the stability of the amount of primary hadrons as well as of the fit parameters. It is worth remarking that the number of hadronic states with a mass between 1.7 and 1.6 GeV is 238 out of 535 overall, so that their exclusion is really a severe test for the reliability of the final results. Figure 11 shows the model parameters and the primary hadrons in pp collisions at √ s = 900
GeV; above a cut-off of 1.5 GeV the number of primary hadrons settles at an asymptotically stable value, whilst the fitted values for T , V , γ s do not show any particular dependence on the cut-off. Therefore, we conclude that the chosen value of 1.7 GeV ensures that the obtained results are meaningful.
As mentioned in Sect. 3, the perturbative production of heavy quarks has been neglected. This is legitimate in low energy pp collisions, where it has been actually measured [18] , but not necessarily in √ s = O(100) GeV pp collisions, where no measurement exists and one has to rely on theoretical estimates. In general, the latter predict very low b quark cross sections, but a possibly not negligible c quark production. We used the calculations of ref. [35] according to which the fraction f of non-single-diffractive events in which cc pairs are produced (see Sect.
3) rises as a function centre of mass energy. We repeated the fit for pp collisions at √ s = 900, where the fraction f is expected to be the largest, by using the upper estimate of a cross section σ(pp(p) → cc) ≃ 12 mb, corresponding to f ≃ 0.3, in order to maximize the effect of charm production. The partition function to be used in such events is that in Eq. (33) with a further modification according to Eq. (24) to take into account the leading baryon effect. The model parameters fitted with f = 0.3 are quoted in Table 4 ; their variation with respect to f = 0 is within fit errors, implying that extra charm production does not affect them significantly.
Fluctuations and correlations
In the description of the model and the comparison of its predictions with experimental data, we tacitly assumed that the parameters T , V and γ s do not fluctuate on an event by event basis. If freeze-out occurs at a fixed hadronic density in all events, as argued in Sect. 4, then it is a reasonable ansatz that T and γ s do not undergo any fluctuation since the density mainly depends on those two variables. However, there could still be volume fluctuations due to event by event variations of the number and size of the fireballs from which the primary hadrons emerge.
We will now show that, as far as the average hadron multiplicities are concerned, possible fluctuations of V can be reabsorbed in a redefinition of volume provided that they are not too large. To this end, let us define ρ(V ) as the probability density of picking a volume between V and V + dV in a single event. The primary average multiplicity of the j th hadron is then:
If the volume V fluctuates over a region where the dependence of chemical factors on it is mild (i.e. for large volumes, see Fig. 2 ), they can be taken out of the integral in Eq. (35) and evaluated at the mean volume V . In this case, the integrand depends on the volume only through the functions z j(n) whose dependence on V is linear (see Eq. (23)) and which can be re-expressed as
Then, from Eq. (35),
The integral on the right-hand side is the mean volume V . Thus:
It turns out that the relative hadron abundances do not depend on the volume fluctuations since the mean volume V appearing in the above equation (replacing the volume V in Eq. (23)) is the same for all species: all results obtained in Sect. 4 are unaffected. On the other hand, if the volume fluctuates over a region where the dependence of chemical factors on it is stronger (i.e. in the region of small volumes, see Fig. 2 ) one can show that the leading term of average multiplicities is still given by the Eq. (38) and that further corrections are of the order of
where D is the dispersion of the distribution ρ(V ) (see Appendix E). Therefore, if D ≪ V , as it is reasonably to be expected, also in this case the calculation of average multiplicities by using a single mean global volume would be a very good approximation. We emphasized in the Introduction that the average hadron multiplicities are a very useful tool to study hadronization because of their independence from collective dynamical effects. More generally, since the number of particles is a Lorentz-invariant quantity, this property is shared by the entire multiplicity distribution of any hadron species. However, the shape of the multiplicity distribution, unlike its mean value, is affected by volume fluctuations since it is actually the superposition, weighted with ρ(V ), of many multiplicity distributions, each of them associated with a particular volume V , having different mean values and moments. In a previous study [15] it has been shown that the charged particle multiplicity distribution in e + e − collisions at √ s = 91.2 GeV, calculated with a fixed volume, provides a fairly good approximation of the experimental data, and that remaining discrepancies between the prediction and the data can be explained by assuming a superposition of multiplicity distributions with different volumes. This superposition effect (also called shoulder effect) has been further investigated in ref. [36] . Apart from the mean value, which is the first-order moment, the next lowest order moments of multiplicity distribution are related to global correlations between particle pairs. Let us first derive them for a fixed volume V : let n i j,k be the number of hadrons j in the k th phase space cell for the i th fireball; then, the overall number of hadron j is i,k n i j,k . According to the partition function (18) , the probability of picking a set of occupation numbers {n i j,k }, i.e. a state of the system, is
The average number of pairs, whose first member belongs to species j and the second to species l, is then:
if j = l, and
if j = l. In both cases the average number of pairs can be obtained from the partition function by multiplying all Boltzmann factors exp (−β i · p k(j) ) by fictitious fugacities λ j 's, one for each species, and taking the derivative with respect to λ j , λ l at λ = 1:
Since the partition function is Lorentz-invariant and so are the parameters λ j , the average number of pairs does not depend, as expected, on the collective fireball dynamics.
In general, one can show that the average number of n-tuples of K particle species, with n 1 particles of species j 1 , n 2 particles of species j 2 , . . ., n K particles of species j K , is
This expression proves that Z(λ 1 , . . . , λ K ) is proportional to the generating function of the multi-species multiplicity distributions. The two-particle global correlation can be defined as the ratio between the actual average number of pairs and the one that would have been obtained if their production was independent. Thus, if j = l:
As far as identical particles are concerned, if they were independently produced their multiplicity distribution would be Poissonian and therefore the average number of pairs would be n j 2 /2, so:
The calculation of the average number of pairs according to Eq. (42) and the partition function (20) yields:
where the upper sign is for fermions and the lower for bosons. Whereas the term z j(n) z l(m) is present for all particles, the term δ jl z j(n+m) is non-zero only for identical particles; it is a further [29] . The errors within brackets next to the theoretical predictions are due to finite Monte-Carlo statistics. The experimental values of the correlations ρ have been estimated by dividing the average numbers of pairs by the average multiplicities quoted in ref. [29] , measured in the same experiment. Since the correlation between these two measurements is unknown, the relative experimental error on ρ has been assumed to be the same as on n 1 n 2 . The small effect of quantum statistics on the correlations of identical particles at the primary hadron level has been neglected, as explained in the text. contribution to correlated particle production due to quantum statistics, the so called BoseEinstein correlations and Fermi-Dirac anticorrelations. If j = l it turns out that, comparing Eq. (46) with Eq. (22), n j n l = n l n l (and there is indeed correlated production), unless
; this is the case if the function Z(Q) is an exponential of Q, which occurs only in the grand-canonical regime (see also Appendix B). Thus, in the canonical thermodynamical approach, correlated production of particles belonging to different species is definitely an effect of conservation laws in a finite system. As long as different species are concerned, owing to the temperature values found in the present analysis the contribution to the average number of pairs from terms other than n = 1 and m = 1 in series (46) is negligible for all hadrons but pions. Therefore:
which corresponds to the Boltzmann limit, as discussed in Sect. 3. On the other hand, for all identical particles but pions we have:
In principle, the term z j(2) stemming from quantum statistics may not be negligible compared to z 2 j even for high mass hadrons, since the ratio
may be of the order of 1 if, due to a very small volume, z j ≪ 1 is able to compensate the small ratio of McDonald functions. In the present analysis the largest value for the ratio (49) for heavy hadrons (i.e. excluding pions) which occurs is 0.096 for K + K + production in pp collisions at √ s = 19.4 GeV.
The global correlation between heavy hadron pairs turns out to be, using Eqs. (44)- (48) and (29),
All calculations performed in this Section refer to primary hadrons, which are not observable in actual experiments. Since measured correlations may be affected by the decay chain process, the given formulae are not directly comparable with experimental data. Therefore, a complete reconstruction of the production process including both the formation and decay of the primary hadrons is necessary in order to test the predictive power of the model in this regard. This can be done by a Monte-Carlo procedure: by using the model parameters fitted at each centre of mass energy point as described in Sect. 4, a set of numbers {n i j,k } is generated according to the probability (39) , and subsequently their decays are performed according to the known decay modes and branching ratios as quoted in the Particle Data Book [16] . A further problem in the comparison with data is the possibility of volume fluctuations. If the volume fluctuates from event to event, the average number of heavy hadron pairs should be re-expressed as
According to what has been stated in the beginning of this section, if we take the chemical factors out of the integral and write z = V ξ(T, γ s ), z (2) = V ξ (2) (T, γ s ), we are left in Eq. (49) with both a mean volume (multiplying δ jl ) and a mean squared volume which is equal to the squared mean volume only if the dispersion D of the distribution ρ(V ) vanishes. Taking into account volume fluctuations, the correlation ρ jl reads (taking the first term of the series in Eq. (38)):
.
(52) The correlation between different particle species then increases by a factor (1 + D 2 /V 2 ) with respect to the non-fluctuation case even neglecting the dependence of chemical factors on the volume; however, if D ≪V this a small effect. We compared Monte-Carlo simulated correlations with a set of particle-particle correlations measured in pp collisions at √ s = 26.0 GeV [37] ; the results are shown in Table 5 . The correlations have been predicted by using the model parameters T , V , and γ s fitted at that centre of mass energy quoted in Table 1 . We also quote the correlations at the primary hadron level which were calculated with Eqs. (47) and (48), taking into account that K 0 s is a mixed particleantiparticle state, and, for the K (49) and taking mixing into account, has been neglected. The comparison between primary and final correlations indicates that, in general, they are slightly diluted by the decay chain process. Generally, the agreement between the predictions and the data is good. In trusting this approach one is led to the conclusion that volume fluctuations are small enough to be hidden in the experimental errors. This fact should be confirmed by a more detailed study of charged particle multiplicity distributions.
Conclusions
A detailed analysis of hadron abundances in pp and pp collisions over a large range of centre of mass energies (from 20 to 900 GeV) has demonstrated a stunning ability of the thermodynamic model to reproduce accurately all available experimental data on hadron production in high energy collisions between elementary hadrons. Key elements for the success of this approach are the use of the canonical formalism of statistical mechanics, ensuring the exact implementation of quantum number conservation, and the introduction of a supplementary parameter γ s to account for incomplete saturation of strange particle phase space. The remarkable agreement of the data with such a purely statistical approach, which uses only three free parameters, has important implications. Firstly, it indicates that hadron production in elementary high energy collisions is dominated by phase space rather than by microscopic dynamics; during hadronization of the prehadronic matter formed in the collision, the hadronic phase space is filled according to the law of maximal entropy, with minimal additional (i.e. dynamical) information. The only dynamics visible in the final state is the collective motion of the hadron gas fireballs which reflects the underlying hard parton kinematics. Secondly, the observed universality of the freeze-out temperature independent of the collision energy and collision system suggests that hadronization cannot occur before the parameters of prehadronic matter, like energy density or pressure, have dropped below critical values corresponding to a temperature of around 170 MeV in an (partially) equilibrated hadron gas. Hadronization at larger energy densities or pressures is inhibited by the "absence" of a hadronic phase space: according to lattice QCD calculations, the most likely (i.e. maximum entropy) state at higher energy densities is a colour deconfined quark-gluon plasma in which hadrons do not exist as stable degrees of freedom. Therefore, this analysis indicates that the value of critical transition temperature is T crit ≃ 170 MeV. This agrees with the limiting ("Hagedorn") temperature [1, 2] for an equilibrated hadron gas and with lattice QCD results [38] . The phase-space dominance in the hadronization process can be understood by the nonperturbative nature of the strong interaction forces in this energy density domain: within each fireball, many different processes and channels contribute to the formation of soft hadrons, resulting locally in equal transition probabilities for all hadronic states in phase space. The value of temperature reflects the hadronic energy density or pressure at its critical value where hadron production occurs while the only other parameter entering the observed hadron spectra is the collective motion relative to the observer. The only deviation from this picture of complete phase-space dominance in hadronization resides in the incomplete saturation of strange particle phase space, i.e. γ s ≃ 0.5: the final hadronic state seems to "remember" that there were no strange quarks in the initial state, and, in spite of their non-perturbative nature and the many possible dynamical channels, strong interactions in the pre-hadronic stage do not manage to wipe out completely the asymmetry between strange quark and light quark abundances. Strangeness suppression, as well as the survival of perturbatively created cc and bb pairs, are thus the only trace to strong interaction dynamics before hadronization. The systematics of the observations suggest that these nonequilibrium effects are mainly related to quark mass thresholds. Similar analyses of hadron abundances in nuclear collisions suggest that the strangeness suppression disappears in larger collision systems with larger lifetimes prior to hadron freeze-out [39] . Note that also here, in hadronic collisions, the slight increase of γ s with centre of mass energy in hadronic collisions is connected with a systematic increase of the fitted fireball volumes at freeze-out (see Table 1 ); this goes in the same direction. The increase of freeze-out volume with rising centre of mass energy may imply a corresponding increase of the initial (prehadronic) energy density since the final energy density of the hadronic state is limited by the observed constant temperature. It has been shown that not only the average single hadron abundances, but also the particleparticle correlations measured in pp collisions agree well with the thermal predictions. It should be stressed that the requirement of exact quantum number conservation yields major effects on both the average hadron multiplicities and the correlations, and that for elementary high en-ergy collisions a thermal description in the grand-canonical framework would not have worked so well. As noted by Hagedorn many years ago [2, 5] and extensively discussed in Sect. 2, small fireballs volume result in the suppression of strange relative to non-strange hadrons even for γ s = 1 (i.e. without strange phase space suppression), when one compares the canonical with the grand-canonical approach, due to the need to create strange particles always in pairs. A strangeness suppression γ s ≃ 0.5 in the canonical approach, as extracted here from the pp and pp data, thus corresponds to a seemingly much stronger suppression of γ s ≃ 0.2 within a grand-canonical approach [39] . Vice-versa, it should be emphasized that even a constant value of γ s may imply a strong relative enhancement of strange particles going from the small volumes of elementary hadron collisions to possible large volumes in nuclear collisions. The frequently discussed "strangeness enhancement" in nuclear collisions thus really consists of two components: (i) the removal of the suppression (at constant γ s ) arising from the need to conserve exactly strangeness in a small collision volume, and on top of that (ii) additionally a possibly larger value of γ s [4, 39] . Both of these effects are dynamically non-trivial.
Appendix
A Proof of Equation (20) We want to prove that the global partition function (18) can be expressed by Eq. (20) if the temperatures and the strangeness suppression factors γ s of the various fireballs are constant. Let n i j,k be the number of the j th hadron species in the k th phase space cell of the i th fireball. Then:
By using Eq. (2) and putting Eq. (53) into Eq. (18) the following expression of global partition function is obtained:
After summing over states and inserting the strangeness suppression factor γ s , the Eq. (54) becomes:
where the upper sign is for fermions and the lower for bosons.
Once the transformation (6) has been applied in Eq. (55), one is left with phase space integrals that may be performed in the rest frame of each fireball, in the very same way as in Eq. (7):
If T 1 = . . . = T N ≡ T and γ s1 = . . . = γ sN ≡ γ s , then:
which is precisely the Eq. (20) .
B Approximation of the function Z(Q) for large systems
We look for an approximated expression of the function Z(Q) for large values of particle multiplicity, namely for large values of volume V . In the following calculations heavy flavoured particles, whose multiplicities are orders of magnitude below light flavoured ones, at temperatures T = O(100) MeV, are completely neglected. This means that we are dealing with a function Z(Q) as in Eq. (32) and that vectors Q and q j are henceforth meant to be threedimensional with components electric charge, baryon number and strangeness respectively. Let us define:
where the upper sign is for fermions and the lower is for bosons. By using this definition, the function ζ(Q) in Eq. (32) can be written:
The logarithm in the function f (φ) in Eq. (58) can be expanded in a series:
The sum labelled by index j in the function f (φ) obviously runs over all particles and antiparticles species. However, in order to develop calculations, it is advantegeous to group particles and corresponding anti-particles terms together in the series (60). Doing that, the Eq. (58) becomes:
Since the integrand function in Eq. (59) is periodical, the integration can be performed in the interval [−π, π] instead of [0, 2π]. The reason of this shift in the integration interval is that a considerable property of the function f (φ) is the presence of a maximum at φ = 0, and, consequently, a very peaked maximum in the same point for the function exp [V f (φ)] for large values of V . In this case, the saddle-point approximation can be used in calculating the integral (59). Therefore:
Let us define now a 3 × 3 real symmetric matrix A whose elements are:
By using this definition, the Eq. (62) reads:
Thus:
If V is large enough, the integration can be extended from [−π, π] to [−∞, ∞] without affecting significantly the final result. Hence:
Now we are able to write an approximate expression of chemical factors in the Eq. (22):
By using this approximation, the average multiplicity of primary hadrons (29) in the Boltzmann limit can now be written as:
To summarize, in the large volume limit, chemical factors reduce to a product of two factors: the first corresponds to a traditional chemical potential whereas the second does not have a corresponding grand-canonical quantity; its presence is ultimately due to internal (i.e. quantum numbers) conservation laws in a finite system. Since:
the additional suppression factor exp[−q j A −1 q j /4] is negligible in the proper thermodynamic limit provided that vectors q j are finite: the grand-canonical formalism is recovered.
C Heavy flavoured hadrons production
As shown in Sect. 4, the average multiplicity of primary charmed hadrons in events in which one cc pair is created owing to a hard QCD process must be calculated with the usual Eq. (28) in which the partition function Z is (see Eq. (33)):
The function Z 1 can be written in the very same fashion as in Eq. (31):
while the function Z 2 can be worked out according to the same procedure depicted for the function Z 2 in Eqs. (26), (27) for the leading baryon effect:
where the second sum in the exponentials in both Eqs. (71) and (72) runs over the three pion states and |C j | in Eq. (72) is the absolute value of j th hadron's charm. Henceforth, we denote by Q 0 and q i , q j , q k three-dimensional vectors having as components electric charge, baryon number and strangeness, while charm and beauty will be explicitely written down. By using this notation, the average multiplicity of a charmed hadron with C j = 1 turns out to be (the Boltzmann limit holds, cf. Eq. (29)):
Since the z functions of heavy flavoured hadrons are ≪ 1, as shown in Sect. 4, a power expansion in the z j 's of all charmed and anti-charmed hadrons can be performed from z j = 0 in the integrands of Eqs. (71) and (72), that is:
for Eq. (71) and
for Eq. (72). Furthermore, the z functions of the bottomed hadrons can be neglected as they are ≪ 1 as well and beauty in Eq. (73) is always set to zero. Those expansions permit carrying out integrations in the variables ψ, φ 4 and φ 5 in Eqs. (71) and (72). Thus:
where the sum runs over the anti-charmed hadrons as the integration in φ 4 of terms associated to charmed hadrons yields zero. The ζ function on the right-hand side is the same as in Eq. (32). Moreover:
where the index i runs over all charmed hadrons and index k over all anti-charmed hadrons.
Owing to the presence of the absolute value of charm in the exponential exp[ i |C j |ψ] (|C j | = 1) in its integrand function, the function Z 2 (Q 0 , C, B, K) vanishes if K ≤ 0 and yields K th -order terms of the power expansion in z j if K ≥ 0 (see Eq. (72)). Therefore:
and
Finally, inserting Eqs. (76), (77), (78) and (79) in Eq. (73) one gets:
where the indices j, k label charmed hadrons and i labels anti-charmed hadrons. From previous equation it results that the overall number of primary charmed hadrons is 1, as it must be if c quark production from fragmentation is negligible. The average multiplicity of anti-charmed hadrons is of course equal to charmed hadrons one. The same formula (80) holds for the average multiplicity of bottomed hadrons in events with a perturbatively generated bb pair. If leading baryon effect is taken into account, the formula (80) gets more complicated, but the procedure is essentially the same. It is clear that a possible charm or beauty suppression parameter γ c or γ b , introduced by analogy with strangeness suppression parameter γ s , would not be revealed from the study of heavy flavoured hadron production because a single factor multiplying all z j functions would cancel from the ratio in the right-hand side of Eq. (80).
D On the definition of pressure
In Sect. 4, we have dealt with pressure as a single well-defined quantity for the whole system of hadron gas fireballs. However, since the system has local collective flows, the definition of a single pressure is not a trivial one. We will now show that the best (as well as the most natural) definition is:
where Z is the global partition function (see Eqs. (18)- (20)) and V the global volume defined in Sect. 2.
If the temperatures and γ s parameters of the fireballs are the same, as we have assumed throughout, the global partition function depends on the single fireball volumes only through the sum 
In order to develop this equation, we can use the expression (15) of the global partition function and write:
which is equal to:
by using the weights defined in Eq. (13) . It is now possible to expand the derivative in Eq. (84):
the last equality is due to the dependence of Z j ( Q 0 j ) only on the volume V j . We can now write the pressure as:
The expression T ∂ log Z i (Q 0 i )/∂V i in the above equation is the pressure p i (Q 0 i ) of the i th fireball, which is a well-defined one, as the fireball is a system at complete thermal and mechanical equilibrium by definition. Therefore the global pressure turns out to be:
The last equation now makes it clear that the definition (81) is the most natural definition of pressure for two reasons:
1. for a given event, in which a specific configuration of fireball quantum numbers {Q 
E Average multiplicities and volume fluctuations
We want to calculate the leading correction to the formula (38) for particle average multiplicities in presence of volume fluctuations affecting chemical factors Z(Q 0 − nq j )/Z(Q 0 ). According to Eqs. (35) , (36) :
where
. If the volume fluctuations are not too large, one can expand the chemical factors f j(n) around the mean volume V up to the first order term:
so that:
The first term in the series above gives rise to the formula (38) , whilst the second term can be written as:
where D is the dispersion of the distribution ρ(V ). This term is then about a factor D 2 /V 
Figure captions

